In this study, we apply the homotopy perturbation method for solving the second-order boundary value problems by reformulating them as an equivalent system of integral equations. This equivalent formulation is obtained by using a suitable transformation. The analytical results of the integral equations have been obtained in terms of convergent series with easily computable components. The method is tested for solving linear second-order boundary value problems. The analysis is accompanied by several examples that demonstrate the comparison and shows the pertinent features of the homotopy perturbation technique.
INTRODUCTION
In this study, we consider the general second-order boundary value problems of the type:
With boundary conditions:
,
where, f is continuous function on [a, b] and the parameters 1 α and 1 β are real constants. The second-order boundary value problems generally arise in the mathematical modeling of viscoelastic flows. The second-order boundary value problems were investigated by Fang et al. (2002) by Finite difference, finite element and finite volume methods and considered by Caglar et al. (2006) by means of B-spline interpolation method. Moreover, the Cubic Spline Methods were used by Rashidinia et al. (2008) and the obtained results produced improvements over other works. However, the performance of the approaches used so far is well known in that it provides the solution at grid points only. We should point out that these approaches which were provided to solve this type of problems require a large amount of computational effort. The present work is motivated by the desire to obtain analytical and numerical solutions to boundary value problems for higher-order differential equations. The homotopy perturbation method has been shown to solve effectively, easily and accurately a large class of linear, non-linear, partial, deterministic or stochastic differential equations with approximate solutions which converge very rapidly to accurate solutions. This method provides the approximate solutions without discretization and the computation of the Adomian polynomials and the coefficients of cubic spline and B-spline functions. Unlike analytical perturbation methods, the homotopy perturbation method does not depend on a small parameter which is difficult to find. Several examples are given to illustrate the performance of this method.
HOMOTOPY PERTURBATION METHOD
To delineate the Homotopy Perturbation Method (HPM), the following nonlinear differential equation was considered by He (1999) :
where, = A general differential operator = A boundary operator = A known analytic function Γ = The boundary of the domain.
The operator can, generally speaking, be divided into two parts and , where is linear, while is non-linear. Therefore, (3) can be rewritten as follows: 0
A homotopy , : Ω 0,1 was constructed by He (1999 He ( , 2000 which satisfies:
Or:
, 0
where, Ω and 0,1 is an imbedding parameter and u 0 is an initial approximation of (3). Clearly, we have:
, 0 0 and:
And changing the variation of ε from 0 to 1 is the same as changing
are called homotopic. Owing to the fact that
can be considered as a small parameter, by applying the classical perturbation technique, we can assume that the solution of (7) can be expressed as a series in ε , as follows: (8) when 1, Eq. (6) and (7) correspond to Eq. (5) and (9) becomes the approximate solution of Eq. (5), i.e.,:
lim
The combination of the perturbation method and the homotopy method is known as HPM, which eliminates the drawbacks of the traditional perturbation methods while keeping all its advantages.
NUMERICAL RESULTS
We first show that the second-order boundary value problems may be reformulated as a system of integral equations. In this section, the method is tested on the following second-order boundary value problems. For the sake of comparison, we consider the same examples as that of references.
Example 1: Consider the second-order boundary value problem:
Subject to the boundary conditions:
The exact solution of this problem is:
We define:
Then we can rewrite the second order boundary value problem as the system of following differential equations:
Using the homotopy perturbation method, we obtain:
Comparing the coefficients of like powers of p, adding all terms, the solution is given as: Using the boundary conditions at 1 = x , we have a = 0.632121. Table 1 shows the comparison between exact solution and the numerical solution obtained using the proposed homotopy perturbation method. The maximum absolute error obtained by the proposed method is compared with that of obtained by Fang et al. (2002) , Caglar et al. (2006) , Rashidinia et al. (2008) and Chang et al. (2011) in Table 2 . Example 2: Consider the second-order boundary value problem:
, Then we can rewrite the second order boundary value problem as the system of following differential equations:
0
Using the homotopy perturbation method, we obtain: Using the boundary conditions at x = 1, we have a = 1.000000. Table 3 shows the comparison between exact solution and the numerical solution obtained using the proposed homotopy perturbation method. The maximum absolute error obtained by the proposed method is compared with that of obtained by Hamid et al. (2010 Hamid et al. ( , 2011 in Table 4 . Example 3: Consider the second-order boundary value problem:
2 sin , 0 1 (14)
sin
Then we can rewrite the second order boundary value problem as the system of following differential equations: 0 0 2 sin Using the homotopy perturbation method, we obtain:
Comparing the coefficients of like powers of p, adding all terms, the solution is given as: 1.0 0.00000000000 0.00000000000 0.000000 Present study 8.62×10
-9 6 3 120 5040 2520 362880 39916800 19958400
Using the boundary conditions at x = 1, we have a = 3.14159. Table 5 shows the comparison between exact solution and the numerical solution obtained using the proposed homotopy perturbation method. The maximum absolute error obtained by the proposed method is compared with that of obtained by Hamid et al. (2010 Hamid et al. ( , 2011 in Table 6 . 
, 4
Then we can rewrite the second order boundary value problem as the system of following differential equations: 0 0 4 (Rashidinia et al., 2008) 0.0045 Present study 0.0000250726
Comparing the coefficients of like powers of p, adding all terms, the solution is given as: Using the boundary conditions at x = 1, we have a = 3.08618. Table 7 shows the comparison between exact solution and the numerical solution obtained using the proposed homotopy perturbation method. The maximum absolute error obtained by the proposed method is compared with that of obtained by Kashem (2009) in Table 8 .
CONCLUSION
In this study, the homotopy perturbation method has employed to solve second-order boundary value problems. We then have conducted a comparative study between He's homotopy perturbation method and the traditional methods, i.e., Cubic Spline, Trigonometric B-Spline, method, Extended Cubic B-spline, Finite difference, finite element and finite volume method, BSpline Functions and Partition method. The method needs much less computational work compared with traditional methods. It is shown that HPM is a very fast convergent, precise and cost efficient tool for solving boundary value problems. Therefore, this method can be seen as a promising and powerful tool for solving the second-order boundary value problems. Generally speaking, He's homotopy perturbation method is reliable and more efficient compared to other techniques.
